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Abstract. We show that mean curvature flow of a compact submanifold in a com- 
plete Riemannian manifold cannot form singularity at time infinity if the ambient 
Riemannian manifold has bounded geometry and satisfies certain curvature and 
volume growth conditions . 



1. Introduction 

Mean curvature flow develops singularities if the second fundamental forms of the 
time dependent immersions become unbounded. It is well known that mean curvature 
flow of any closed manifold in the Euclidean space develops singularities in finite time. 
This follows from a maximum principle and barrier argument. In this note, we show, 
using integral estimates, that mean curvature flow cannot form singularity at t = oo 
for a class of ambient Riemannian manifolds. More precisely, we prove 

Theorem 1.1. Let S n be a compact manifold and let M m be a complete Riemannian 
manifold with bounded geometry. Suppose that F(t) : S — > M satisfies mean curvature 
flow for t G [0, T) and T is the first singular time. If (M, g) is Ricci parallel with 
nonnegative sectional curvature, and its volume growth satisfies 

(1.1) Vol{B p {R)) > cR m ~ n+e 

for R > Rq, where e,c,Ro are fixed positive constants and B P (R) is the geodesic ball 
at p G M, then T has to be finite. In particular, if (M, g) is analytic, then either the 
mean curvature flow F : E — > M develops a finite time singularity, or it converges to 
a compact minimal submanifold in (M,g). 

A rescaling process is usually applied when singularities are forming. A sequence 
of rescaled flows may, however, move to infinity in IR m and fail to form a limit. 
Particularly, this may happen at type-II singularities if one scales the flow by the 
maximum length of the second fundamental forms at a sequence of times approaching 
to the first blow up time. To get compactness, one may consider the geometric limits 
for mean curvature flows, in the sense of Cheeger-Gromov, as Hamilton did for the 
Ricci flow [6]. 
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For mean curvature flow, the lower bound on the injectivity radius follows, unlike 
the Ricci flow, from the bound of the second fundamental form A. The curvature of a 
submanifold in the flow is also bounded if A is bounded, by the Gauss equation. The 
smoothness estimate for mean curvature flows [3] ensures that all higher derivatives 
of the second fundamental form are bounded when A is bounded. These enable one 
to construct a limiting mean curvature flow for a sequence of rescaled flows with a 
uniform bound on the second fundamental forms. We present a detailed analysis on 
constructing ancient solutions at any singularity and eternal solutions at a type II 
singularity, although the result (cf. Theorem 2.4) is known, as the results and the 
arguments will be used in proving Theorem 1.1. 

Combining the geometric limit construction with Hamilton's monotonicity formula 
[4 J for mean curvature flow and Li-Yau's heat kernel estimates [H], we find an upper 
bound for the first singular time T in terms of volume, and then the volume growth 
condition imposed on M rules out formation of singularity at infinity. 

Acknowledgement: Both authors would like to thank Albert Chau for valuable 
discussions. 

2. Geometric limit along mean curvature flow 

Geometric limits of Riemannian manifolds and geometric limits along the Ricci flow 
are well developed, see [6] , [10] . Since we will use the geometric limits in the formation 
of singularities along the mean curvature flow in an essential way, we include some 
basic facts for completeness. 

In this section we do not need to assume the Riemannian manifolds be compact. 

Definition 1. Let (Mk, gk,%k) be a based complete Riemannian manifold for each 
positive integer k. A geometric limit of the sequence {Mk, gk,%k} is a based complete 
Riemannian manifold (Moo, <7oo, ^oo) such that: 

(1) there exists an increasing sequence of connected open subsets Uk of ex- 
hausting the manifold M^, namely = UUk and Uk satisfy (a) Uk is compact, (b) 
U k C £4+i ; (c) Xoo C U k , for all k. 

(2) for each k there exists a smooth embedding tpk '■ {Uk,Xoo) (Mk,Xk) such that 
<Pk{xoo) = Xk and 

Km ip* k g k = goo, 

where the limit is in the uniform C°° topology on compact subsets of M^. 

Similarly, we can define a geometric limit of a sequence of immersions. 

Definition 2. Let Fk : (£fc,Xfc) — > (N,g,p) be a sequence of immersions with Fk(xk) = 
p G iV , where (N, g) is a fixed Rimennian manifold. A geometric limit of the sequence 
is an immersion : (Eooj^oo) — > (N,g,p) such that: 
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(1) there exists an increasing sequence of connected open subsets Uk ofY,^, which 
exhaust the manifold Y,^, namely = UUk, and satisfy the following for all k: (a) 
U k is compact, (b) U k C U k+1 , (c) C U k . 

(2) for each k there exists a smooth embedding tp^ : (t/^Xoo) — > (E k ,x k ) such that 
fixoo) = x k and 

lim F k o Lf k = F^, 

k^oo 

where the limit is in the uniform C°° topology on compact subsets ofY*^. In particu- 
lar, (Ejxj, Xoo, F^g) is a geometric limit of the sequence x k , F^g) as Rimmennian 
manifolds. 

A basic fact of geometric limit of Riemmanian manifolds is the following, which is 
the C°° version of the classical Cheeger-Gromov compactness. 

Theorem 2.1. (Cheeger-Gromov) Let (M k , g k ,x k ) be a sequence of connected and 
based Riemannian manifolds. Suppose that 

(1) for every R < oo, the ball B(xk,R) has compact closure in Mk for all k suffi- 
ciently large; 

(2) for each integer I > and each R < oo, there is a constant C = C(l,R) such 
that 

\V l Rm(g k )\ <C 

on B(xk,R) for all k sufficiently large; 

(3) there is a constant 5 > such that inj^M k , gk ){xk) > & for all k sufficiently large. 
Then after passing to a subsequence there is a geometric limit {M^, g^, Xqo} which 

is a complete Riemmanian manifold. 

The proof of the above theorem is quite standard (cf. |TTJJ ) . For evolution equations 
such as the Ricci flow or the mean curvature flow, estimates on the higher derivatives 
of the curvature are the consequence of the curvature bound, by the smooth estimate. 
So the key assumption is that the curvature bound and the injective radius bound. 
For an immersion, however, a lower bound on injectivity radius follows from an upper 
bound on the second fundamental form A. 

A Riemannian manifold (M, g) has bounded geometry if the injectivity radius, the 
curvatures and the derivatives of the curvatures are uniformly bounded. 

Proposition 2.2. Suppose that 

F:E^(M,g) 

is an immersion where the ambient space (M, g) is a fixed smooth Riemannian man- 
ifold with bounded geometry. Suppose that for each I > 0, there exists a constant 
C = C(l) such that |V Z A| < C, where V is the covariant derivative of (T,,F*g). 
Then the injectivity radius of (E, F*g) is uniformly bounded from below by a positive 
constant. 
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Proof. We argue by contradiction. Suppose that there exist a sequence of immersions 

F t : (Ei.Zi) -> (M, i^(xi)) 

with second fundamental forms Aj and all their higher derivatives bounded by con- 
stants independent of i, but the injectivity radius Li at X{ G (Ei,F*g) goes to zero. 
Consider the sequence 

Then (Ej, F* {t~ 2 g) , £j) is a sequence of Riemmannian manifolds with bounded cur- 
vature and all higher derivatives of the curvature are also bounded, by Gauss equation 
for submanifolds and that (M,i~ 2 g) has bounded geometry and |V'Aj| < C(l). The 
injective radius of F* g)) at X{ is 1. Hence (E», (ft, a;*), where <ft = i^*({t^~ 2 ^), 
converges in C°° topology in the sense of Cheeger-Gromov to a geometric limit 
{Soo, Poo 5 ^oo}, by Theorem 12.11 So there exists an exhausting sequence of relatively 
compact open subsets Ui of Eoo and a sequence of C°° embeddings <fi such that 
ViPi ~~ * 9ao m C°° topology on every compact subset of E^. In particular the injec- 
tivity radius at Xoo is equal to 1. To see this, note that the injectivity radius is equal 
to the minimum of the conjugate radius and half of the shortest geodesic loop. In our 
case, since the curvature of gi goes to zero when i — > oo, the conjugate radius goes to 
infinity. Hence, there is a geodesic loop Zj through Xj in (Ej,<ft) with length 2. Then 
LpJ l {li) is a sequence of loops through x^ with length converging to 2. It follows that 
the injective radius at x^ is less than or equal to 1. It is clear that the injectivity 
radius at cannot be strictly less than 1 as the injectivity radius of <ft) at Xi is 
I. 

Note that (M, t~ 2 g, F^Xij) converges to the standard Euclidean space (IR m , dx 2 , 0) 
in C°° topology on every compact subset. Namely, there exists an exhausting rel- 
atively compact open subsets Vi of M m and a sequence of C°° embeddings <pi such 
that 0* \fi 2 g) converges to dx 2 on every compact subset of W 71 with 0j(O) = Fi(xi). 
Consider the immersions 

Fi = 0" 1 oFiOifi'. (Eoo, Xoo) -> (M m , 0). 

The second fundamental forms Aj of Fi are uniformly bounded and all their higher 
derivatives are bounded as well (actually all go to zero), independent of i. Hence F { 
converges in C°° topology on compact sets, as a geometric limit, to an immersion 

F M :(£«,,*«,) ->(R"\0). 

In particular, we have F^dx 2 = g^. This statement is known, however, we include a 
proof here for completeness. First note that the injectivity radius at x^ is 1, consider 
the geodesic ball B^x^) in (Eoo,^), which we can identify with the standard Eu- 
clidean ball -Bi(O) C M n through the exponential map exp . Consider the sequence 
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of immersions 

F i oexp Xoa :B l (0)^W n , F<(0) = 0. 

We know that the second fundamental forms of the immersions Fj o exp Xoo are uni- 
formly bounded, this means that the Hessian of the mappings Fioexp Xoo are uniformly 
bounded. Also all the higher derivatives of the second fundamental forms, therefore of 
the mappings Fj o exp Xoo , are uniformly bounded. It follows that Fj o exp Xoo converges 
in .61/2(0) to a smooth map Foo : .81/2(0) — > M. m by Arezella-Ascoli Theorem. We can 
construct 

F oa = Foo o exp"^ 

in Bx/ 2 (x 00 ). To show that we have a limit map F^ on whole manifold Soo, we 
use the geodesic balls to cover the manifold Sqo. Note that for any y G Sqo, the 
injectivity radius is bounded from below by d(x OQ ,y) since the curvature is uniformly 
bounded. The argument then follows from the standard argument of geometric limit 
of Riemmanian manifolds by diagonal process. The reader can refer to [B], [TO] for 
full details of the argument. 

The second fundamental form Aoo of the complete submanifold F 00 (E 00 ) is zero 
because 

I = l"^"*I.F*<7 > ^' ^ ' * 

This implies that (E^ smoothly immersed totally geodesic submanifold of 

]R' m , hence (J^oo,9oo) has to be Euclidean itself. But this contradicts that injectivity 
radius of is equal to 1. □ 

By the smoothness property of the mean curvature flow [3] (the proof holds for 
general codimension) and Proposition 12.21 we can get a compactness property along 
the mean curvature flow with bounded second fundamental form, similar to the result 
of Hamilton [6J in the Ricci flow. 

Theorem 2.3. Fix —00 <T'<0<T<oo with T' < T. Let {£fc, F&,Xfe} be a 
sequence of based mean curvature flows with 

F fc (t):S,^R m , F k (x k ,0) = 0. 

Suppose that the lengths of the second fundamental forms A k of Ff. are uniformly 
bounded above by a constant C independent ofk and time t. Then there exists a subse- 
quence of {T, k , Fk, Xk} which converges to a mean curvature flow {Soo, F^t), (xqo, 0)} 
as a geometric limit, where 

F^t) : -> W m , F^x^O) = 0, t G (T',T), 

and (Soo, F^(t)dx 2 ) is a complete Riemannian manifold. 

Proof. The proof essentially follows Hamilton's argument [BJ for the Ricci flow. By 
Proposition 12.21 the injective radius of (£&, F k (t)*(dx 2 )) at any point is uniformly 
bounded, independent of t and k. Along the mean curvature flow, the smoothness 
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estimate holds, hence all the higher derivatives of the second fundamental forms A*, 
of Ff, are uniformly bounded because |A^| are uniformly bounded above. satis- 
fies the mean curvature flow equation, it follows that all the derivatives of F^ with 
respect to time t are also uniformly bounded. Consider the Riemannian manifolds 
(Ejt, F k (0)* (dx 2 ) , Xk). By the assumption, this sequence has uniformly bounded injec- 
tive radius and uniformly bounded curvature and their higher derivatives. It follows 
that it sub-converges to a complete Riemannian manifold (£«,, goo, a^oo)- For any 
fixed time T < t\ < < t 2 < T and a fixed constant R, take a geodesic ball 
-B2_r(^oo) C (Sqo) fl'ooj ^00) ■ F° r ^ sufficient large, we can find an embedding 

4> k : B 2 r{Xoo) -> S fc 

such that (fik(xoo) = %k- Define 

F*(t) = F fc (t) o fc : BaflCaroo) -> K m 

Note 0j is time independent. Consider the sequence of immersions 

i^^^x^^R™ 

with F^Xoo, 0) = 0. For simplicity, we can assume that 2R is less than the injective 
radius and then by using the exponential map, we can identify -82^(^00) with the 
Euclidean ball, as we did in Proposition 12.21 It follows that all derivatives of Fj^, as 
an mapping from -B2i?(^oo) x [ti, t 2 ] to M. m with F^x^, 0) = 0, are bounded. By the 
classical Asscoli theorem, it sub-converges to a smooth mapping 

If 2R is larger than the injective radius, one applies the covering argument as in [6] to 
show the convergence in the geodesic ball B^Xoo). Now we let R — > 00, t\ — » T , t 2 — > 
T and apply a standard diagonal sequence argument to obtain a limiting immersion 

It is clear that F^Xoo, 0) = and F^ satisfies the mean curvature flow equation. □ 

Let F(t) : S n — > (M,g) be a smooth mean curvature flow solution of a compact 
manifold E in a smooth Riemannian manifold (M,g). We can use the results above 
to form a geometric limit along the mean curvature flow by re-scaling process. 

Theorem 2.4. Let (M,g) be a complete Riemannian manifold with bounded geom- 
etry. If T is the first singular time of the mean curvature flow F(t) : X — ► (M,g). 
Then there exists (xi,ti) and A» — > 00 such that 

Fi{x, s) = F (x, + *i) -> (M, 4 2 (?) 

zs a sequence of mean curvature flow solutions, and it sub-converges to an ancient 
mean curvature flow solution for s G (— 00, 0], F OQ (s) : Soo — > M. m with \A O0 (x,s)\ < 
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1^00(^00,0)1 = 1, Fqo^oo, 0) = 0. If the singularity is of type E, F^s) can be con- 
structed as an eternal solution. In particular, when (M,g) = (M. n ,dx 2 ), £<x,(0 has at 
most Eucliden volume growth. 

Proof. Suppose that T is the first singular time. For t < T, denote 

A(t) = max \A(p,t)\. 

p 

There exist (xi,ti) such that ij — > T and 

Ai = max A(t) = \A(xi,U)\ — > 00. 

Consider the sequence of flows defined by 

Fi(x, s) = F (x, + f<) : £ - (M, A 2 i9 ) 

for (x, s) G Ex [—Afti, 0]. It is clear that Fj(s) is still a mean curvature flow solution 

with < 1- Set the marked points to be qi = F (xi, -jfe + t^j . It is clear that 

(M, A 4 2 g, gj) sub-converges to the standard Euclidean space (IR m , dx 2 , 0) when i — > 00 
since (M, g) has bounded geometry. 

At s = 0, the sequence of Riemannian manifolds (£, F i (0)*(A 2 g), Xj) sub-converges 
smoothly to a Riemannian manifold (£00, <?oo, ^00) in the Cheeger-Gromov sense. So 
there exists a sequence of exhausting relatively compact open subsets Ui of Hoc and 
there is a sequence of C°° embedding 

(Pi'.Ui-* (E,Fi(0)*(A*g)), (piixoo) = Xi. 

There also exists a sequence of exhausting relatively compact open subsets V* of R m 
and a sequence of C°° embeddings 

^■■V t ^(M,A 2 g), ( /> i (p) = F i (x i ,0) 

such that 4>* (Afg) converges to dx 2 on every compact subset of lR m . 

For any fixed Sq E (—00, 0), we can take V* such that for any s E [so, 0], 4>~ l oFj(s) o 
<fi(Ui) C Vi, and then we define 

F*(z, s) = 0- 1 o ^(x, s) o ^ : [/, -> Vi. 

For any fix R, by taking % sufficiently large we may assume that Ui contains the 
geodesic ball -82^(^00) in (Soo, fi'oo, ^oo)- It is clear that 

F* : B 2R (x OQ ) C (Soo^ocXoo) - (M m ,0*(4 2 ^),O) 

is a mean curvature flow solution with bounded second fundamental form. By the 
smoothness property of mean curvature flow, all the higher derivatives of F^ and the 
derivatives with respect to time are also bounded. Note that the chosen subsequence 
<fi*(A 2 g) converges to the Euclidean metric dx 2 on R m when % goes to infinity. Hence 
the ambient metrics are all equivalent on any fixed compact subset, especially on 
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Br{x qq ). Then we apply the argument in Theorem 12.31 to conclude that the sequence 
Fi sub-converges to an immersion 

F^: J B i? ,(x 00 )x[ So ,0]->(M m ,rfx 2 ) 

with bounded second fundamental form and its higher derivatives in B R (xoo) x [sq, 0]. 
Now letting R — > oo, we obtain a limiting immersion 

Foo:S„x [s ,0] -> (K m ,dx 2 ). 

Since 0, converges to an isometric embedding independent of time, it is clear F^s) 
still satisfies the mean curvature flow equation. Taking s — > — oo, we can get an 
ancient solution of mean curvature flow 

: Soo x (-oo,0] ^R m . 

It is clear that ^00(^00,0) = 0, and lA^x, s)\ < lA^x^, 0)| = 1. 

If the mean curvature flow develops a type II singularity at T, one can follow 
Hamilton's work on Ricci flow [7] to construct an eternal solution along the mean 
curvature flow . 

The statement that E^t) has at most Euclidean volume growth holds in more 
general setting. See section 3 for more details of the proof. □ 

When n = 2 and = 0, we have the following 

Proposition 2.5. Let F(t) : E — > M. m be a smooth mean curvature flow of a compact 
2- dimensional surface E on [0, T). Let E^s) be the geometric limit of F(t) as in 
Theorem \2.4\ If Hoo = ; then Eqo has finite total curvature. 

Proof. A complete minimal surface in M. m for arbitrary m > 3 has finite total curva- 
ture if and only if it is of finite topological type and has quadratic area growth [2]. A 
surface is of finite topological type if it has finite genus and finitely many ends. 

First, by Theorem 12.41 the area growth of T,^ is at most quadratic. 

Second, we show that Soo has finite genus. Since Soo is a geometric limit of £ after 
suitable blowing up, there exists a sequence of exhausting open subsets Uk of Soo and 
a sequence of embeddings ipk such that 

(p k :U k -+ ip k {U k ) C E 

is a diffeomorphism for each k. Then the genus of Uk is less than or equal to that of 
E. Therefore Eqo has only finite genus since the sequence {Uk} exhausts Eoo. 

Finally, we claim that E^ has only finitely many ends. For any fixed p G E^, 
consider E 0O \Sij(p), where Br{p) is Euclidean ball in W 71 . Let n# denote the number 
of the disjoint components in E 00 \S^(p). If E^ has infinite many ends, then — > 00 
when R — ► 00. On each component, we can pick up a point such that the Euclidean 
distance d(xi,p) = 2R for i = 1, • • • , n R . We know 

B R (xi) n B R ( Xj ) = 
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if i ^ j. Now consider n B 3R (p), then we know that 

n R 

Soo n |J B R {x k ) c n s 3iJ (p), 

k=0 

where Xq = p. From the monotonicity formula on the area ratio for minimal surfaces 
in R m , 

area(E 00 fl B R (xi)) > nR 2 
for i = 0, 1, n R . It follows that 

area(Soo n B 3R (p)) > (n R + l)nR 2 . 
However, we know that has at most Euclidean volume growth, it follows that 

area(S n B aR (p)) < C(3R) 2 . 

But this contradicts with n R — > oo. It follows that has finite many ends. 
Therefore, we have shown, by [2], that T,^ has finite total curvature 

/ K = 2ixl < oo 

where ii' is the Gauss curvature of Soo, I is an nonnegative integer, and the equality is 
a classical result of Osserman on complete minimal surfaces with finite total curvature, 
and Eqo is conformally diffeomorphic to a closed Riemann surface punctured in a finite 
number of points [11]. □ 



3. Finite time singularity 

Now we assume that (M, g) is Ricci parallel with non-negative sectional curvatures. 
Hamilton [1] derived a monotonicity formula for the mean curvature flow with non- 
flat ambient space as follows. Note that this coincides to the renowned monotonicity 
formula derived by Husiken when (M,g) is Euclidean [Sj. Let k be a solution of the 
backward heat equation in [0, T), 





—k = -A M k. 
at 



Hamilton calculated that 



— (T- t)( m " n )/ 2 



kdfi = — (T — t) 



E(t) 



(m— n)/2 



E(t) 



-(T-0 (m / <r I dm - DakDpk 



E(t) 



+ 



DA; 



2(T - t)% Q/3 
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If M is Ricci parallel with non-negative positive sectional curvatures, Hamilton can 
show that the matrix in the last integral is non-negative by the Harnack inequality 
[5]. It follows that 

( T _ t )(m-n)/2 f Mfx 

Js(t) 

is non-increasing. To use the monotonicity formula of Hamilton in an effective way, 
we need some properties about the positive solution of the backward heat equation, 
which are proved by Li-Yau [9] . One can also find the proof in Schoen-Yau 



Lemma 3.1. Let M be a complete manifold with non-negative Ricci curvature. Let 
u be a positive solution of the backward heat equation in [0, T) 

9 

—u = -A M u 

with J M u = 1 and u(T) is the S function centered at p. Then we have 
(!)■ 

c (T-i) m/2 < u{x,t) 

when t — > T and d(x,p) < y/T — t. 
(2). For t > and x G M , we have 

d 2 (x,p) 



u(x, T-t)< C{5, m)Vol- 1/2 {Vt)Vol- l,2 {Vt) exp 
Now we are in the position to prove Theorem 11.11 



(4 + S)t 



Proof. Keep the same notations as in Theorem 12.41 Suppose that T = oo is the 
first singular time. This means that the flow exists for all time and as time ap- 
proaches infinity the second fundamental form becomes unbounded. Denote A(t) = 
maxp |A(p, t)\. There exist (xi,ti) such that U — > oo and A{ = max t < ti A(t) = 
\A(xi,ti)\ — > oo as % — > oo. Denote pi = F (xi,tj) . By Theorem 12.41 we can con- 
struct an ancient solution of mean curvature flow 

F^s) : S M -> W m 

for s G (— oo, 0], where F^x^, 0) = 0. 

Now we consider the volume growth of Eoo(0). For any R fixed, we have 

(3.1) / rf/ioo(0) = lim / ^(0), 
</£oo(o)n.B fl (o) wo ° Js l (o)nB}j(p l ) 

where Br(0) is the radius R ball in M m , while B l R (pi) is the radius R ball in (M, A 2 g). 
It is clear from the rescaling process that 

(3.2) f d^(0) = [ Afdnfc), 



EiCojnBjjCpi) Juit^nB^ fa) 

37 
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where B l ^_(pi) is the radius ■§- ball in (M,g). By Lemma [3.1 1 (1), we have 

s^n-B^ fe) Jn(t i )nB i R ( Pi ) -« /A 



R n {Ti _ ti) (m-ny2 f \ W 2 W 



(3.3) < CK 1 ^-^)^' 2 I k t (x,t t )dfi(t ), 

Jll(t) 

where Tj = ^ + 1 , and ki(x,t) for t 6 [0, Tj is the solution of the backward heat 

i 

equation 

— ki = -l\ M ki 
at 

with j M ki = 1 and ki(x,Ti) is the delta function centered at F(xi,ti). Namely, on 
(M,g) and for each i, the function ki(x,Ti — t) is the fundamental solution of the 
forward heat equation with singularity at the point F(xi, tj) in M, for Tj — t G [0, oo). 
By Hamilton's monotonicity formula for mean curvature flow, we know that 

(3.4) (Ti — tiY m ~ n ^ 2 [ k^x^d^U) < Tj; m - n)/2 [ k l (x,0)dfi(0). 

JT,{U) J 11(0) 

Note by Lemma [3.11 (2), we have that 

(3.5) ki(x, 0) < CVol-^^AVol- 1 ^^. 

If (M, g) satisfies the volume growth condition (II. ip . by (13.41) and (13.51) . we get that 



(3.6) (Ti - Uf m - n ^ 2 / h(x,U)d^U) < CVol(Zo)Tr £ . 

Jn(ti) 

Since Tj — > oo when i — > oo, by (13. ip - (13.61) . we get that 

(3.7) f dfi^O) < CTr*Vol(E )R n . 

Jn x (o)nB R (o) 

Since e > 0, the right hand side of (13. 7p goes to zero as i — > oo, but this is impos- 
sible. It follows that if T is a singular time it must be finite. In other words, if the 
mean curvature flow solution F(t) exists for all time, the second fundamental form 
is uniformly bounded. In particular, if (M, g) is analytic and there is no finite time 
singularity, the mean curvature flow F(t) : S — > M converges to a compact minimal 
submanifold along the flow [13] . 

When T is finite, one can bound ki(x,0) in (13.51) in terms of T since (M,g) has 
bounded geometry. It follows from (13. ip - (13.51) that S oo (0) has at most Euclidean 
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volume growth. Note this does not need (M, g) satisfies volume growth condition 
(II. ip . The proof for any E 0O (s), s G (— oo,0] is similar. □ 
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